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, β 6= 0 & k ≥ 1,
a refinement ot the well known Bernstein’s inequatily
max
|z|=1
|p(k)(z)| ≤ n(n − 1)(n − 2) · · · (n − k + 1) max
|z|=1
|p(z)|,
z1, z2....., zn being the zeros of zn +1 and b1, b2, ..., b2n the zeros of z2n−1.
The inequality is sharp.
1. Introduction and statement of results
Let p(z) be a polynomial of degree n. It easily follows from the well known







|p(z)|, R > 0,








|p(z)|, R > 0 & k ≥ 1,
with equality in (1.2) for p(z) = αzn.
We have been able to improve the inequality (1.2) and obtain a new
inequality, which is sharp. More precisely, we prove
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Theorem 1.1. Let p(z) be a polynomial of deqree n. Then













|p(βbt)|], β 6= 0, & k ≥ 1,(1.3)
where z1, z2, ..., zn are the zeros of z
n + 1 and b1, b2, ..., b2n are the zeros of
z2n − 1. The inequality is sharp and the extremal polynomial is p(z) = αzn.
2. Lemmas
For the proof of Theorem 1.1, we require the following lemmas.
Lemma 2.1. Let p(z) be a polynomial of degree n and z ′′1 , z
′′
2 , ..., z
′′
n be the
























This lemma is due to Aziz [1].
Lemma 2.2. Let p(z) be a polynomial of degree n. Then
(2.6) max
|z|=1
|p′(z)| ≤ n max
1≤t≤2n
|p(bt)|,
where b1, b2, . . . , b2n are as in Theorem 1.1.
This lemma is due to Frappier, Rahman and Ruscheweyh [2].
Lemma 2.3. Let p(z) be a polynomial of degree n. Then for s ≥ 1 and
|β| = 1,









n−s+1 are the roots of
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Proof of Lemma 2.3. As
βn−s+1 + a 6= 0,




























































is a negative real number for m = 1, 2, ..., n− s+ 1. Now by the
second part of Lemma 2.1, (2.10) can be written as





















and this completes the proof of Lemma 2.3.
3. Proof of Theorem 1.1
Let
(3.11) T (z) = p(βz).
Then
(3.12) |p(k)(β)| = 1|β|k |T
(k)(1)|
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Now by Lemma 2.3, we have for k ≥ 2.
(3.13) |T (k)(1)| ≤ n− k + 2
2
{|T (k−1)(1)| + max
1≤m≤n−k+1
|T (k−1)(um)|}
where u1, u2, ..., un−k+1 are the roots of zn−k+1 + 1 = 0. Again by Lemma
2.3, we have
(3.14) |T (k−1)(1) ≤ n− k + 2
2
{|T (k−2)(1)| + max
1≤j≤n−k+2
|T (k−2)(wj)|},
where w1, w2, ..., wn−k+2 are the roots of zn−k+2 + 1 = 0. Combining (3.13)
and (3.14), we obtain
|T (k)(1)| ≤ n− k + 1
2
n− k + 2
2
|T (k−2)(1)|+
n− k + 1
2










Continuing similarly, we obtain for k ≥ 2
|T (k)(1)| ≤ n− k + 1
2
n− k + 2
2




n− k + 1
2
n− k + 2
2






n− k + 1
2
n− k + 2
2






n− k + 1
2
n− k + 2
2




|T ′′(dg)| + · · ·
· · · + n− k + 1
2











where z1, z2, ..., zn are the roots of z
n + 1 = 0, x1, x2, ..., xn−1 are the roots of
zn−1 + 1 = 0, d1, d2, ..., dn−2 are the roots of zn−2 + 1 = 0, and so on.
Now, by Lemma 2.2 and Bernstein’s theorem [3], we have from (3.15), for
k ≥ 2
|T (k)(1)| ≤ n− k + 1
2
n− k + 2
2




n− k + 1
2
n− k + 2
2
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+
n− k + 1
2
n− k + 2
2






n− k + 1
2
n− k + 2
2





· · · + n− k + 1
2
n− k + 2
2




n− k + 1
2
(n− k + 2)(n− k + 3) · · ·n max
1≤t≤2n
|T (bt)|










Further, for k = 1, we have by Lemma 2.3





On combining (3.16) and (3.17), we get for k ≥ 1











which, by (3.11) & (3.12), implies












thereby proving Theorem 1.1.
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